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ON THE RANK OF THE FIBRES OF RATIONAL ELLIPTIC
SURFACES
CECI´LIA SALGADO
Abstract. We consider an elliptic surface pi : E → P1 defined over a number
field k and study the problem of comparing the rank of the special fibres over k
with that of the generic fibre over k(P1). We prove, for a large class of rational
elliptic surfaces, the existence of infinitely many fibres with rank at least equal
to the generic rank plus two.
1. Introduction
Let k be a number field, B a projective curve and pi : E → B an elliptic surface
over k, i.e., a projective surface endowed with a morphism pi such that almost all
fibres are genus-one curves and such that there is a section σ of pi defined over k
that will be fixed as the zero section. The generic fibre Eη is an elliptic curve over
the function field k(B). Since k(B) is finitely generated over Q, the Mordell-Weil
Theorem is still valid in this context (Lang-Ne´ron), and hence the set of k(B)-
rational points of Eη is a finitely generated abelian group. Since all but finitely
many fibres of pi are elliptic curves over the number field k, it is natural to be
interested in comparing the rank r of Eη(k(B)) and the rank rt of the Mordell-Weil
group of a fibre Et(k) for t ∈ B(k).
A theorem on specializations by Ne´ron [Ne´r56] or its refinement by Silverman
[Sil94, Theorem III.11.4], [Sil83] in the case where the base is a curve tells us that
if E is non-split, then for all but finitely many fibres we have
rt ≥ r.
Billard in [Bil98, Theorem C] showed that if we assume E to be Q-rational
(birational to P2 over Q) and non-isotrivial, then
#{t ∈ B(k); rt ≥ r + 1} =∞.
Three natural questions arise:
1) Can we replace Q by an arbitrary number field k and the hypothesis E is
k-rational by E is k-unirational?
2) Can we improve the bound, i.e., have rt ≥ r+2 for infinitely many t ∈ B(k)?
3) Can we obtain a similar result for elliptic surfaces that are geometrically
rational (i.e., fixed an algebraic closure k¯ of k, E is k¯-rational) but not
k-rational or for non-(geometrically) rational elliptic surfaces, such as K3
surfaces?
We remind the reader that a geometrically irreducible algebraic variety V is said
to be k-unirational if there is a rational map of finite degree Pn 99K V defined over
k.
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We will give a positive answer to question 1) and a partial answer to questions
2) and 3) in this article. Question 3) for K3 surfaces is addressed in the author’s
Ph.D. thesis [Sal09] and will be explored in another article.
Let X be a smooth projective rational surface. We denote by ω2X the self-
intersection number of the canonical sheaf on X . This will be called the degree of
X and will be denoted by dX or by d when the dependency on X is clear. The
corollary to the following theorem answers question 1).
Theorem 1.1. Let pi : E → B ≃ P1 be a k-unirational elliptic surface defined over
a number field k. There is a curve C → B such that C ≃k P1 and
rank(EC(k(C))) ≥ rank(E (k(B))) + 1,
where EC = E ×B C.
Since the curve C has infinitely many k-rational points, an application of Ne´ron’s
or Silverman’s Specialization Theorem yields the following corollary.
Corollary 1.2. Let pi : E → B be a k-unirational elliptic surface then
#{t ∈ B(k); rt ≥ r + 1} =∞.
Remark 1. Since rational surfaces of degree dX ≥ 3 such that X(k) 6= ∅, and
del Pezzo surfaces of degree 2 having a k-rational point outside a certain divisor,
are always k-unirational we conclude, from the remark above, that the class of
rational elliptic surfaces to which Theorem 1.1 applies is quite large. For example,
it contains all rational elliptic surfaces defined over k with three distinct types
of reducible fibre and/or a fibre with a double component not of type I∗0 . But
surfaces with generic rank, over k, zero and no reducible fibres always have as k-
minimal models del Pezzo surfaces of degree one and are therefore excluded from
the hypothesis of Theorem 1.1.
Remark 2. Showing a result such as the above corollary for a rational elliptic
surface having as a k-minimal model a del Pezzo surface of degree one is equivalent
to showing that the k-rational points on X are Zariski dense, a well known open
problem. In [Ula08] one can find partial results towards that direction.
The following theorems, or more precisely their corollary, answer question 2) after
strengthening the hypothesis of Theorem 1.1. In order to state them we introduce
the following terminology: if f : X → Y is a birational morphism of surfaces,
passing to an algebraic closure, it is composed of monoidal transformations or blow
ups of points; we will refer to the set of k¯-points where f−1 is not defined as the
blow up locus of f . We will denote it by Bl(f). Note that if X is a rational elliptic
surface and Y a rational model obtained after contracting (−1)-curves, then Bl(f)
contains dY , not necessarily distinct points, thus #Bl(f) ≤ dY where # denotes
the number of distinct points. If f is defined over k the set Bl(f) is composed of
Gal(k¯|k)-orbits.
Theorem 1.3. Let pi : E → B ≃ P1 be a rational elliptic surface defined over a
number field k such that there is a k-birational morphism f : E → P2 in which
the zero section of E is contracted to a point p1 ∈ P2(k). Suppose that the blow
up locus of f contains at least one orbit distinct from the one given by p1 whose
points are, together with p1, in general position. Suppose also that E has at most
one non-reduced fibre.
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Then there exists a finite covering C → B such that C(k) is infinite and the
surface EC = E ×B C satisfies:
rank(EC(k(C))) ≥ rank(E (k(B))) + 2.
Remark 3. It is simple to construct examples of rational elliptic surfaces satisfying
the hypothesis of Theorem 1.3. Let f and g be two arbitrary cubics in P2, whose
equations have coefficients in k. Suppose that they pass through two k-rational
points p1 and p2, then the elliptic surface given by the blow up of the intersection
locus of f and g is certainly in this class.
Remark 4. The assumption that E has at most one non-reduced fibre excludes
only one configuration of singular fibres, namely, (I∗0 , I
∗
0 ). This case is left out
because the surface might become trivial after a quadratic base change (see Lemma
2.1).
The result above also holds for some rational elliptic surfaces such that k-minimal
models, after contracting the zero section, are not isomorphic to P2 but to other
rational surfaces defined over k. These are the subject of the next theorem.
Theorem 1.4. Let pi : E → B ≃ P1 be a rational elliptic surface defined over a
number field k. Suppose E does not have reducible fibres. Let X be a k-minimal
model of E such that there exists a birational morphism f : E → X in which the
zero section of E is contracted. Suppose that X has degree d and satisfies one of
the following:
i) d = 4, 5 or 8.
ii) d = 6, #Bl(f) = 6 and the largest Gal(k¯|k)-orbit in it has at most four
points.
Then there exists a finite covering C → B such that C(k) is infinite and the surface
EC = E ×B C satisfies:
rank(EC(k(C))) ≥ rank(E (k(B))) + 2.
Elliptic surfaces satisfying the hypothesis of the previous theorem are always
the blow up of a del Pezzo surface Y . Indeed, let Y be the surface obtained after
contracting the zero section of E . Since Y is a rational surface, all we have to check
is that −KY is ample. In fact, the anti-canonical divisor of Y satisfies (−KY )2 > 0
and −KY .D > 0. The former because K
2
E
= 0 and Y is obtained by contracting
a curve in E . The latter follows from the fact that E has no reducible fibres and
thus −KE .C ≥ 0 for all C ∈ Div(E ) with equality if and only if C ≡ −KE . By the
Nakai-Moishezon Theorem −KY is ample.
Once again an application of Ne´ron-Silverman’s Specialization Theorem yields
the following corollary to Theorems 1.3 and 1.4.
Corollary 1.5. Let pi : E → B be an elliptic surface as in Theorem 1.3 or 1.4.
For t ∈ B(k), let rt be the rank of the fibre above the point t and r the generic rank.
Then
#{t ∈ B(k); rt ≥ r + 2} =∞.
Remark 5. Since geometrically, i.e., over k¯, a rational elliptic surface is isomorphic
to the blow up of nine, not necessarily distinct, points in P2 (see Proposition 2.2),
a k-minimal model X of a rational elliptic surface satisfies 1 ≤ ω2X ≤ 9. As we
suppose that the elliptic surface always has a section defined over the base field k
which is contractible, X also verifies X(k) 6= ∅.
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Remark 6. Theorems 1.3 and 1.4 are valid for a larger class of rational elliptic sur-
faces. The choice of the cases stated was made for the sake of simplicity. The reader
is invited to consult the appendix for examples of cases to which the conclusion of
Theorems 1.3 and 1.4 still applies.
This text is divided as follows: Sections 2 and 3 contain geometric and arith-
metic preliminaries, respectively. Section 4 is dedicated to the proof of Theorem
1.1. It contains a key proposition that reduces the proof of this theorem to the
construction of a linear pencil of genus zero curves defined over the base field k.
The proofs of Theorems 1.3 and 1.4 are given in Section 5, where we give a case-by-
case construction of two pencils of curves of genus zero satisfying certain geometric
conditions. The last section sheds some light from analytic number theory into
the problem. There, we combine the results obtained in this article with analytic
conjectures to get better, but conditional, bounds for the ranks.
2. Geometric preliminaries
2.1. Base change. Let pi : E → B be an elliptic surface endowed with a section
and ι : C′ ⊂ E an irreducible curve. Let ν : C → C′ be its normalization. If C′ is
not contained in a fibre, the composition ϕ = pi◦ ι◦ν is a finite covering ϕ : C → B.
E
pi

C
ν //
ϕ
@@C
′ //
ι
>>
⑥
⑥
⑥
⑥
⑥
⑥
⑥
B
We obtain a new elliptic surface by taking the following fibred product:
piC : EC = E ×B C → C.
Each section σ of E naturally induces a section in EC :
(σ, id) : C = B ×B C → E ×B C.
We call these sections old sections. The surface EC has also a new section given
by
σnewC = (ι ◦ ν, id) : C → E ×B C.
Remark 7. Given a smooth elliptic surface E . The elliptic surface obtained after
a base change of E is not necessarily smooth. When this is the case, we will replace
the base changed surface by its relatively minimal model without further notice.
Remark 8. If C is not contained in a fibre nor in a section, then the new section
is different from the old ones, but it is not necessarily linearly independent in the
Mordell-Weil group.
Remark 9. Since we want B(k) to be infinite we are naturally led to consider
the base curves B such that B ≃ P1 or with geometric genus g(B) = 1 and
rank(B(k)) ≥ 1.
If E is a rational elliptic surface then, in general, after a quadratic base change
we obtain an elliptic K3 surface E ′; nevertheless, if E has a non-reduced fibre i.e., a
fibre of type ∗, and the base change is ramified above the place corresponding to this
fibre and above the place corresponding to a reduced fibre, then the base-changed
surface E ′ is still rational.
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Lemma 2.1. Let E → B be a rational elliptic surface. Let ϕ : C → B be a degree
two morphism where C is rational. Then one of the following occurs:
i) E has a non-reduced fibre, i.e., a fibre of type ∗, and the morphism ϕ is
ramified above the place corresponding to it and above the place correspond-
ing to a reduced fibre. In this case, EC = E ×B C is a rational elliptic
surface.
ii) E has two non-reduced fibres, which are necessarily of type I∗0 , and the
morphism ϕ is ramified above both non-reduced fibres. In this case EC ≃
E ×D where E is an elliptic curve and D is a curve of genus zero.
iii) EC is a K3 surface.
Proof: Let v be a place of B and w be a place of C above it. If w is not ramified,
then the type of the fibre (EC)w is the same as that of (E )v. In this case, since the
degree of ϕ is two, there are two places w,w′ above v. If w ramifies above v and
Ev is a singular fibre, then fibre type changes, namely:
a) A fibre (E )v of type ∗ induces a fibre (EC)w whose contribution is dw =
2dv − 12 where dv denotes the contribution of (E )v, i.e., the local Euler
number of Ev.
b) A reduced fibre, i.e., a fibre (E )v of type In, II, III or IV transforms to
a fibre (EC)w whose contribution to the Euler number of the surface is
dw = 2dv.
Since E is rational we have ∑
v∈B
dv = 12.
Thus if E has a fibre, (E )v, of type ∗ and ϕ is ramified above the place cor-
responding to it and above the place corresponding to a reduced fibre, then the
Euler number of EC is
∑
w∈C dw = 2dv − 12 + 2(12− dv) = 12 implying that EC is
rational.
If E has two non-reduced fibres Ev1 and Ev2 , then since each contributes with at
least 6 to the Euler number, which is 12, we have that the contribution of each must
be exactly 6. This implies that each non-reduced fibre is of type I∗0 and moreover,
that these are the only singular fibres of E . If ϕ ramifies above both Ev1 and Ev2
then by a), they both become non-singular fibres. Since these were the unique
singular fibres, the base-changed surface EC has only smooth fibres. This entails
EC ≃ E ×D where E is an elliptic curve and d is a curve of genus zero.
Otherwise, i.e., if ϕ is ramified only above reduced fibres, then the Euler number
of EC is 2dv + 2(12− dv) = 24, and hence EC is a K3 surface.
2.2. Construction of rational elliptic surfaces. Let F and G be two distinct
cubic curves in P2. We will also denote by F and G the two homogeneous cubic
polynomials associated to these curves. Suppose F is smooth.
The pencil of cubics generated by F and G,
Γ := {tF + uG : (t : u) ∈ P1},
has nine base points (counted with multiplicities) namely the intersection points of
the curves F and G. The blow up of these points in P2 defines a rational elliptic
surface EΓ.
Conversely, over an algebraically closed field, we have the following proposition.
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Proposition 2.2. [Mir80] Over k¯ every rational elliptic surface with a section is
isomorphic to a surface EΓ for a pencil of cubics Γ as above.
This proposition motivates the following definition.
Definition 2.3. Let E be a rational elliptic surface. We say that a cubic pencil Γ
in P2 induces E if E is k¯-isomorphic to P2 blown up at the base locus of Γ.
The choice of the pencil Γ is non-canonical.
Suppose Γ induces E and p1, ..., pr are the distinct base points of Γ. The Picard
group of E is generated by the strict transform of a cubic in Γ, the exceptional curves
above each pi and some of the (−2)-curves obtained in the process of blowing up
the pi’s in case the points have multiplicity strictly larger than one as base points
or are in a non-general position (for example, three on a line or six on a conic). As
the exceptional curves are the sections of the elliptic fibration, the above gives us
the following information about the (geometric) Mordell-Weil group of E .
Lemma 2.4. Let Γ be a pencil of cubics in P2 and E the elliptic surface induced by
Γ. Let s be the number of distinct base points of Γ and r¯ be the geometric Mordell-
Weil rank of E , i.e., the rank of the Mordell-Weil group over the algebraic closure
k¯. Then
r¯ ≤ s− 1.
Over a number field, a rational elliptic surface may have a minimal model other
than P2. Hence we cannot assure the existence of a k-birational morphism between
E and P2. We treat this situation in Subsection 3.1.
2.3. Ne´ron-Tate height in elliptic surfaces. In [Shi90] Shioda developed the
theory of Mordell-Weil lattices. He remarked that the Ne´ron-Severi and the Mordell-
Weil groups modulo torsion have a lattice structure endowed with a pairing given
essentially by the intersection pairing on the surface. In the Mordell-Weil group it
coincides with the Ne´ron-Tate height.
To define this pairing we need to introduce some notation:
Let Θv be a fibre withmv components denoted by Θv,i. Let Θv,0 be the zero com-
ponent (the one that intersects the zero section) and Av = ((Θv,i.Θv,j))1≤i,j≤mv−1
a (negative definite) matrix. The pairing is given by the following formula:
〈P,Q〉 = χ+ (P.O) + (Q.O)− (P.Q) −
∑
v∈R
contrv(P,Q),
where χ is the Euler characteristic of the surface, R is the set of reducible fibres,
(P.Q) the intersection of the sections given by P and Q, and contrv(P,Q) gives the
local contribution at v according to the intersection of P and Q with the fibre Θv:
if P intersects Θv,i and Q intersects Θv,j then contrv(P,Q) = −(A−1v )i,j if i, j ≥ 1
and zero if one of the sections cuts the zero component. For a table of all possible
values of contrv according to the fibre type of Θv see [Shi90].
We will only use the fact that the Ne´ron-Tate height of a section can be computed
in terms of its numerical class.
3. Arithmetic preliminaries
3.1. Minimal models over perfect fields. The theory in this subsection was
developed by Enriques, Manin [Man66], [Man67] and Iskoviskikh [Isk79]. We state
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the main results. For proofs we invite the reader to look at the bibliography cited
above.
Theorem 3.1. Let X be a smooth minimal rational surface defined over a perfect
field k and let Pic(X) denote its Picard group over k. Then X is isomorphic to a
surface in one of the following families:
I) A del Pezzo surface with Pic(X) ≃ Z.
II) A conic bundle such that Pic(X) ≃ Z⊕ Z.
Reciprocally, if X belongs to family I) then it is (automatically) minimal. If X
belongs to family II) then it is not minimal if, and only if, d = 3, 5, 6 or d = 8 and
X is isomorphic to the ruled surface F1. There are no minimal surfaces with d = 7.
Some surfaces endowed with a conic fibration are at the same time del Pezzo
surfaces, namely, if d = 3, 5, 6 or d = 1, 2, 4 and X has two distinct conic fibrations,
or d = 8 and X¯ = X ×k k¯ ≃ P1 × P1 or P2 blown up in one point.
Definition 3.2. We say that a surface X is k-birationally trivial or k-rational if
there is a birational map P2 99K X defined over k.
Theorem 3.3. Every minimal rational surface with d ≤ 4 is k-birationally non-
trivial.
Theorem 3.4. Every rational surface X of degree at least five and such that
X(k) 6= ∅ is k-rational and every rational surface X with d ≥ 3 and X(k) 6= ∅
is k-unirational.
Remark 10. A priori most k-minimal surfaces with d ≥ 1 and X(k) 6= ∅ can be a
k-minimal model of a rational elliptic surface. The condition X(k) 6= ∅ comes from
the zero section that is defined over k and is contracted to a k-rational point. We will
exclude the conic bundles such that X¯ = X ×k k¯ is isomorphic to P(OP1 ⊕OP1(n))
with n ≥ 3 since these surfaces contain a curve with self intersection −n and a
rational elliptic surface contains no curves with self intersection −n for n ≥ 3.
Remark 11. If a surface X of degree d = ω2X is a k-minimal model of a rational
elliptic surface E , then E is isomorphic to the blow up of X in d points which form
a Galois invariant set.
We finish this subsection giving a sufficient condition for k¯-rational elliptic sur-
faces to be k-unirational.
Lemma 3.5. Let E be a k¯-rational elliptic surface defined over a perfect field k. If
rank(Pic(E |k)) ≥ 5 then E is k-unirational.
Proof: Since the Picard group of k-minimal rational surfaces has rank one or two,
any k-minimal model of E will be obtained after contracting at least three (−1)-
curves. Hence if X is a k-minimal model of E then K2X ≥ 3. Moreover, X(k) 6= ∅
since the image of the zero section will provide at least one k-rational point. It
follows then from Theorem 3.4 that X is k-unirational. 
3.2. Kummer theory. Let K be a number field or a function field and A an
abelian variety. Let P ∈ A(K) be a point of infinite order. We say that P is
indivisible by n if for all Q ∈ A(K) such that there exists a divisor d of n such that
[d]Q = P we have d = ±1.
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Remark 12. In [Hin88], Hindry defines a point as being indivisible if it is indivisible
by all natural numbersm > 1. One can replace this definition by the one introduced
above, i.e., P indivisible by m in the hypothesis of [Hin88, Lemme 14]. In fact, let
P be a point indivisible by m. We can write P = [l]P1 with P1 indivisible as in
[Hin88] and (l,m) = 1. There exist u, v ∈ N such that ul+ vm = 1 which allows us
to write
P1 = [u]P + [vm]P1,
and thus
K(
1
m
P ) ⊆ K(
1
m
P1) = K(
u
m
P ) ⊆ K(
1
m
P ).
Hence K( 1
m
P1) = K(
1
m
P ). In the rest of this subsection we state some of the
results that can be found in [Hin88] about the degree of the extension K( 1
m
P )
taking this remark into account, i.e., replacing the hypothesis P indivisible, by the
hypothesis P indivisible by m.
Let n ∈ N and P be a point indivisible by m where m divides n. Denote by An
the set of n-torsion points in A(K¯) and 1
m
P a point Q ∈ A(k¯) such that [m]Q = P .
The Galois group Gn,K, 1
m
P of the extension
K(An,
1
m
P )|K(An)
can be viewed as a subgroup of Am. Kummer theory for abelian varieties tells us
that if K is a number field the group Gn,K, 1
m
P is actually almost the whole group
Am, i.e., its image inside Am by an injective map is of finite index which is bounded
by a constant independent of P and m.
This theory was studied in full generality by Ribet, Bertrand, Bashmakov and
others. We restrict ourselves to elliptic curves. For us k is a number field and
K = k(B) is the function field of a projective curve B.
We now state a typical result of Kummer theory for elliptic curves. This is valid
in a more general context (see [Rib79]).
Theorem 3.6. Let E be an elliptic curve defined over a number field k, n ∈ N
and P ∈ E(k) a point indivisible by m where m divides n. There exists a positive
constant f0 = f0(E, k) such that
|Gn,k, 1
m
P | ≥ f0.m.
Proof: See [Hin88, Appendix 2] for the case when P is an indivisible point.
Let pi : E → B be an elliptic surface and P a point indivisible by n in the generic
fibre. Since Galois groups become smaller after specialization, after applying the
previous theorem to a fibre E = pi−1(t) defined over the number field k we have
|Gn,k(B), 1
m
P | ≥ |Gn,k, 1
m
P |,
which gives us a theorem as Theorem 3.6 for elliptic curves over function fields.
Theorem 3.7. Let E be an elliptic curve defined over a function field K, n ∈ N
and P ∈ E(K) a point indivisible by m where m divides n. There exists a positive
constant f0 = f0(E,K) such that
|Gn,K, 1
m
P | ≥ f0.m.
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Remark 13. If the surface E above is not isotrivial then the endomorphism ring
of the generic fibre E is Z and the result above is stronger, namely, the group
Gn,K, 1
m
P is almost all the set of m-torsion points Em i.e., its image inside the m-
torsion subgroup under an injective map is of finite index, bounded by a constant
independent of P and m (c.f [Hin88, Proposition 1]).
We finish this subsection with a lemma about torsion points on elliptic curves
that will be used in the next section during the proof of Proposition 4.2. See [Ser72]
for a proof and more results on torsion points on elliptic curves.
Lemma 3.8. Let E be an elliptic curve defined over a field k, which is either a
number field or a function field, and P ∈ E(k¯)[m]\E(k), a point of order m. Then
there exist an α > 0 and a constant cE,k independent of the point P such that
[k(P ) : k] ≥ cE .m
α.
4. Proof of Theorem 1.1
Let pi : E → B be as in Section 2. In the first subsection we show that given a
non-constant pencil of curves in E that are not contained in a fibre of pi : E → B,
then all but finitely many curves in it yield, after base change (see Subsection 2.1),
a new section that is independent of the old sections. The proof of Theorem 1.1
then depends only on a construction of a family of irreducible curves defined over
k with infinitely many k-rational points, i.e., P1 or genus-one curves with positive
Mordell-Weil rank. This construction will be given in the second subsection.
4.1. A key proposition. First we state the most useful criteria for us to determine
when a new section is independent of the old ones.
Lemma 4.1. An irreducible curve C ⊂ E that is not a component of a fibre induces
a new section on E ×BC independent of the old ones if and only if for every section
C0 ⊂ E and every n ∈ N∗, the curve C is not a component of [n]−1(C0).
Let C be a family of curves in a projective surface X . We call C a numerical
family if all its members belong to the same numerical class in the Ne´ron-Severi
group. We prove that in a numerical family it is enough to check the conditions of
the lemma for a bounded n and a finite number of sections. Thus if the family is
infinite, all but finitely many members induce new independent sections after base
change.
Proposition 4.2. Let E → B be an elliptic surface defined over a number field k.
Let C be a numerical family of curves inside E . There exist an n0(C ) ∈ N and
a finite subset Σ0(C ) ⊂ Sec(E ) such that for C in the family C , the new section
induced by C is linearly dependent of the old ones if, and only if, [n]C ∈ Σ0 for
some n ≤ n0.
Proof: Suppose [n]C = C0 for some section C0. We may assume such n to be
minimal i.e., there does not exist n′ < n such that the curve [n′]C is a section. The
proof is divided in two parts:
1) Bounding n from above using Kummer theory (see Section 3.2).
2) For a fixed n such that C0 = [n]C, showing that the set of sections in the
same numerical class is finite by Ne´ron-Tate height theory.
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1) Bounding n: We define the degree of a curve in E by its intersection with
a fibre:
deg(C) = (C.F ).
If C0 is a section we have deg(C0) = (C0.F ) = 1. The degree of C, which will
be denoted by h, is fixed within the family, since all curves belong to the same
numerical class.
The map [n] is not a morphism defined on the whole surface, but on an open
set U ⊆ E which excludes the singular points in the fibres. Since sections do not
intersect the fibres in singular points they are contained in U . This allows us to
write:
deg([n]−1C0) = (([n]
−1C0).F ) = n
2(C0.F ) = n
2.
Thus, limn→∞ deg[n]
−1(C0) =∞.
Denote by K the field k(B), by E the generic fibre of E and by P0 the point in
E(K) corresponding to the section C0. Let P ∈ E(K¯) be such that
[n]P = P0
where n is minimal with respect to the expression above. We now show that n is
bounded by a constant n0 that depends only on E, K and h.
Note first that if P is a torsion point, we know by Lemma 3.8 that its order m
is bounded by cE .m
α ≤ [K(P ) : K] = h.
Now suppose P is of infinite order. Let m be the smallest positive integer such
that there exist P1 ∈ E(K) and T a torsion point satisfying
[m]P = P1 + T.
We claim that P1 is indivisible by m. If l is a divisor of m such that [l]Q = P1 with
Q ∈ E(K), then
[l][
m
l
]P = [l]Q+ T
and hence there exists a torsion point T1 such that
[
m
l
]P = Q+ T1.
By the minimality of m with respect to the equation above we must have l = ±1.
Let m′ = mm1 where m1 is the order of the torsion point T . Let T
′ be such
that [m]T ′ = T and put P ′ = P + T ′ ; then [m]P ′ = P1 and T
′ ∈ Em′ . Applying
Theorem 3.7 we obtain
(1) [K(P ′, Em′) : K(Em′)] ≥ m.f1.
Now, note that K(P,Em′) = K(P
′, Em′) hence
h = [K(P ) : K] ≥ [K(P,Em′) : K(Em′)] = [K(P
′, Em′) : K(Em′)] ≥ f1.m,
and thus m is bounded. Since T is dened over K(P ), its order m1 is also bounded
in terms of h, and thus [mm1]P = m1P1 ∈ E(K) with n ≤ mm1 bounded as
announced.
2) The numerical class of a section: Fix C1, ..., Cr generators of the Mordell-
Weil group.
For a fixed n, the intersection multiplicity (([n]C).Ci) is also fixed, say equal
to ni, and it depends only on the numerical class of C. The same holds for the
intersection of C with the zero section, say equal tom0 and for the intersection with
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the fibre components Θv, say equal to lv,jv . The Ne´ron-Tate height in an elliptic
surface is uniquely determined by the intersection numbers above. The set
Σ0 = {C0 section |(C0.Ci) = ni; i = 1, ..., r, (C0.O) = m0 and (C0.Θv,jv) = lv,jv}
is finite since it is a set of points with bounded Ne´ron-Tate height, thus there are
only finitely many possible sections C0 such that C ⊂ [n]−1C0. 
Corollary 4.3. Let E be an elliptic surface and L a non-constant numerical family
of curves on E whose members are not contained in the fibres of E , then for almost
all member C of the pencil, the new section induced by C is independent of the old
sections.
4.2. Proof of Theorem 1.1. Let ψ : P2 99K E be a k-unirational map. Let L be
given by the set of lines in P2. Then L ψ = {ψ(L);L ∈ L } is an infinite family of
curves in E defined over k whose general member is integral and of geometric genus
zero. These curves cannot be all contained in a fibre of E as the family is infinite,
with irreducible members, and there is only a finite number of reducible fibres for
the elliptic fibration in E .
The theorem follows from an application of Corollary 4.3 to the family L ψ. 
5. Proof of Theorems 1.3 and 1.4
To prove Theorems 1.3 and 1.4 we need to produce two families of curves defined
over k. These families must, not only have infinitely many k-rational points, but
also be such that the fibred product of two curves in different families is irreducible.
The first subsection is devoted to the construction of such families, first done in
the context of Theorem 1.3, i.e., over P2; then in the settings of Theorem 1.4, i.e.,
over other k-minimal surfaces. The proof of irreducibility of the generic member
of the constructed families is given in the second subsection and is followed by
the verification that such curves contain indeed infinitely many k-rational points.
Finally, all is assembled in Subsection 5.4 to conclude the proofs of Theorems 1.3
and 1.4.
5.1. Construction of linear pencils of rational curves. The results presented
in this subsection are technical and may be skipped by the reader willing to accept
the existence of two linear pencils of conics, i.e., P1’s intersecting the fibres with
multiplicity two in the surfaces satisfying the hypothesis of Theorem 1.3. Here
we provide “case-by-case”, depending on the configuration of blown up points,
constructions of linear pencils of curves on E to which we apply Corollary 4.3.
We construct two linear pencils of rational curves defined over k in a k-minimal
model of the rational elliptic surface E → B. Since the base-changed surface fibres
over the fibred product of these two curves over B, we fabricate those curves in
a way that their fibred product has genus at most one. We state below sufficient
conditions for this.
Lemma 5.1. Let C1 and C2 be two smooth projective rational curves given with
two distinct morphisms ϕi : Ci → B of degree 2 to a genus zero curve B. Then
g(C1 ×B C2) ≤ 1.
Proof : It is a simple application of Hurwitz’ Formula. 
We can proceed to the constructions. They depend on the degree of the k-
minimal model considered, as well as on the configuration of the blown up points
12 CECI´LIA SALGADO
under the action of the absolute Galois group Gal(k¯|k). We start with the simplest
case, namely, when E has a minimal model isomorphic to P2.
a) A minimal model k-isomorphic to P2
Let p1, .., p9 be the nine, not necessarily distinct, points in the blow up locus.
Since the zero section is defined over k, at least one of the points above is k-rational,
say p1. If C is a curve of degree d in P
2 with multiplicity mi through pi then its
genus satisfies g(C) ≤ (d−1)(d−2)2 −
∑
i
mi(mi−1)
2 . Denote by C
′ its strict transform
under the blow up E → P2, then the degree of the map given by the restriction of
pi to C′ is given by deg(C′ → B) = (F.C′) = 3d−
∑
imi where F is a fibre of the
elliptic fibration pi.
Let L1 be the pencil of lines in P
2 through p1. Let L
′
1 be the pencil of curves
in E given by the strict transforms of the curves in L1 and C
′ a curve in L ′1– from
now on the superscript ′ will denote the pencil or curve in the elliptic surface given
by the strict transform of that in the minimal model. Then
deg(C′ → B) = 3.1− 1 = 2.
We now construct a second pencil of rational curves L2 such that the curves in the
pencil of strict transforms induced in E satisfy Lemma 5.1.
Since the blow up is defined over k, the set formed by the other points is invariant
under the action of Gal(k¯|k). The construction depends on the size of the smallest
orbit different from p1 whose points are, together with p1, in general position, i.e.,
no three are collinear, no six lie in a conic and there is no cubic through eight of
the points singular in one of them.
i) One other k-rational point p2.
In this case we can construct L2 in a similar way as we did for L1: take
L2 = {l a line in P
2 through p2}.
Any curve in L ′2 together with any curve in L
′
1 satisfy Lemma 5.1.
ii) Two conjugate (under Gal(k¯|k)) points p2, p3.
Let Λ be a pencil of cubics in P2 inducing E such that p1, p2, p3 are base
points of it. Since we suppose that points are in general position, p1, p2 and
p3 are not collinear. Let us first suppose that there are no other base points
and thus that the multiplicities (m1,m2,m3) of p1, p2, p3 as base points of
Λ are (1, 4, 4), (3, 3, 3), (5, 2, 2) or (7, 1, 1). In the first case, every cubic in
Λ shares the same tangent lines, say l2, through p2 as well as the same
tangent line, say l3, through p3. We consider L2, the set of conics through
p2, p3 with tangents li through pi, for i = 2, 3. Let C be a conic in L2, then
C intersects the cubics of Λ in p2 and p3 with intersection multiplicity two
and in two other points. Hence, the morphism from the strict transform
ϕC′ : C
′ → B, given by the restriction of the fibration to C′, has degree
two. In the remaining three cases all cubics of Λ share a tangent line, say
l1, through p1. We take L2 to be the set of conics through p1, p2, p3 with
prescribed tangent l1 through p1. It is a linear pencil of conics, since the
space of conics in P2 has dimension 5. A conic C in L2 also intersects the
cubics in Λ at the point p1 twice, at the points p2, p3 and at two other
points. Thus if C is a conic in L2 then the morphism ϕC′ from C
′ to B
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has also degree two. As in i) any curve in L ′2 together with any curve in
L ′1 satisfy the hypothesis of Lemma 5.1.
Now suppose there are other base points. If there is another orbit with
two or four points one may apply construction iv) below independently of
the configuration of these extra points. If there are three, five or six other
conjugate base points then apply construction iii), v), vi), respectively, be-
low.
iii) Three conjugate points p2, p3, p4.
The construction here is simpler. The pencil of conics L2 through
p1, p2, p3 and p4 is such that for every curve C ∈ L2 the morphism ϕ′C
has degree two.
iv) Four conjugate points p2, p3, p4, p5.
As in the previous case, but now we let L2 be the pencil of conics through
p2, p3, p4 and p5.
v) Five conjugate points p2, p3, p4, p5, p6.
Take L2 to be the pencil of cubics through p1, ..., p6 with a singularity
at p1. The degree of the morphism ϕC for C ∈ L2 is two (9 − 5− 2 = 2).
So that together with a curve in L ′1 the curve C satisfies the hypothesis of
Lemma 5.1.
vi) Six conjugate points p2, ..., p7.
Consider L2 to be the pencil of quintics singular at each p2, ..., p7 that
passes through p1 as well. Since dim(H
0(P2,O(5))) = 21 and we have
imposed 19 conditions, L2 forms at least a linear pencil. The curves in it
are rational since g ≤ 6− 6 = 0.
The degree of ϕ′C for C ∈ L2 is equal to 5.3− 6.2− 1 = 2.
vii) Seven conjugate points p2, ..., p8.
Consider L2 the space of quartics through the seven points p2, ..., p8
with multiplicity at least three at p1. That gives at most 13 conditions in a
space of dimension 15. So L2 is at least a linear pencil. Its curves are ratio-
nal and the degree of the induced morphism to B is equal to 4.3−7−3 = 2.
viii) Eight conjugate points p2, ..., p9.
We consider highly singular curves. Take L2 to be the set of curves of
degree 17 such that
– The eight points p2, ..., p9 are singular with multiplicity at least six.
– It passes through p1.
This gives us at most 169 conditions in a 171-dimensional space and thus
at least a linear pencil. The degree of the morphism is also two and the
curves have genus zero as in the previous cases.
Irreducibility of the curves constructed above: Since the points considered
are in general position the curves constructed above are irreducible. This is trivially
verified in cases i),..., iv). In cases v),...,viii) one can easily check that if the pencil
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is generically reducible then either its base points are in non-general position i.e.,
there are three collinear points, six lie on a conic or eight on a cubic singular at
one of them, or the Galois orbits break into smaller orbits.
We now focus on the other possible minimal models over k. As observed after
the statement of Theorem 1.4, we may suppose X is a del Pezzo surface. Let us
first recall some geometric and arithmetic facts about those surfaces.
Since we are dealing with surfaces whose Picard group over k is small (isomorphic
to Z.ωX), the most natural place to look for curves defined over k is H
0(X,ω−nX ).
We now recall the dimension of these spaces and the genus of the curves in them.
Lemma 5.2. Let X be a k-minimal del Pezzo surface of degree 1 ≤ (ωX .ωX) = d ≤
8 defined over a number field k. Given points p1, ..., pj in X(k¯) and non-negative
integers n1, ..., nj, let L = {s ∈ H0(X,ω
−n
X );mpi ≥ ni} where mpi denotes the
multiplicity at the point pi of the curve given by the divisor of zeros of the section
s. The following hold:
i) dim(L ) ≥ d(n
2+n)
2 + 1−
∑
i
n2
i
+ni
2 .
ii) If L ∈ L then g(L) ≤ d(n
2−n)
2 + 1−
∑ n2
i
−ni
2 .
iii) If pi : E → B is an elliptic surface obtained by blowing up p1, ..., pj and L′
is the strict transform of L in E then deg(pi|L′ : L′ → B) = nd−
∑
mpi .
Proof: See [Kol96, Chapter III Lemma 3.2.2].
We can now proceed to the construction of linear pencils on the k-minimal mod-
els. We recall that at least one point in the blow up locus of f : E → X is k-rational,
the one that comes from the contraction of the zero section. We suppose that E
has no reducible fibres. It follows that all the points on the locus of f are distinct
since the blow up of infinitely near points gives rise to (−2)-curves, and these are
always components of reducible fibres. For (i) of Theorem 1.4 it is clearly sufficient
to do the construction in the case where there are two orbits by the action of the
Galois group: the one of the k-rational point and another one with the other d− 1
points. As in the case where P2 was a k-minimal model, we will look for curves
satisfying the hypothesis of Lemma 5.1.
b) A minimal model isomorphic to a del Pezzo surface of degree eight:
Let p2, ..., p9 be the points on the blow up locus of f : E → X . Let p2 be the
k-rational point. We consider the following pencils of curves in X :
L1 = {s ∈ H
0(X,ω−8X );mp2(s) ≥ 13,mpi(s) ≥ 7, i = 3, ..., 9}
and
L2 = {s ∈ H
0(X,ω−22);mp2(s) ≥ 13,mpi(s) ≥ 23, i = 3, ..., 9}.
If C′1 ∈ L
′
1 then by Lemma 5.2
g(C′1) ≤ 8
(64− 8)
2
+1−
(169− 13)
2
−7
(49− 7)
2
= 0 and deg(ϕC1) = 64−13−49 = 2.
If C′2 ∈ L
′
2 then
g(C′2) ≤ 8
(222 − 22)
2
+1−
(169− 13)
2
−7
(232 − 23)
2
= 0 and deg(ϕC2) = 22.8−13−7.23 = 2.
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Thus C′1 and C
′
2 satisfy the hypothesis of Lemma 5.1. Since, by Lemma 5.2 (i),
they belong to a linear pencil of curves, by Corollary 4.3 they can be chosen in a
way such that the new sections induced by them in the base-changed surface are
independent of the old sections and of each other.
Since there are no minimal rational surfaces of degree seven we now pass to sur-
faces of degree six.
c) A minimal model isomorphic to a del Pezzo surface of degree six:
Let p4, ..., p9 be the points on the blow up locus of f . We consider the possible
orbits under the action of the absolute Galois group. We denote the cases by
(n1, ..., nr) where r is the number of distinct orbits and ni is the multiplicity of the
points in the same orbit.
i) If the points lie in a (1, 2, 3)−configuration then the blow up of the two
points in the same orbit produces a surface of degree four to which we
apply the constructions in e).
ii) If (1, 1, n3, n4) let p4 and p5 be the k-rational points. The blow up of p4
produces a surface of degree five to which we can apply the constructions
in d).
d) A minimal model isomorphic to a del Pezzo surface of degree five:
Here we consider the following pencils:
L1 = {s ∈ H
0(X,ω−2X );mp5(s) ≥ 4,mpi(s) ≥ 1, i = 6, ..., 9}
and
L2 = {s ∈ H
0(X,ω−10X );mp5(s) ≥ 4,mpi(s) ≥ 11, i = 6, ..., 9}.
dim(L1) ≥ 16− 10− 4 = 2, g(C1) = 6− 6 = 0, deg(f : C
′
1,→ D) = 10− 4− 4 = 2,
dim(L2) ≥ 5(110)/2 + 1− 10− 4(66) = 2.
e) A minimal model isomorphic to a del Pezzo surface of degree four:
The pencils that we consider to prove Theorem 1.3 are:
L1 = {s ∈ H
0(X,ω−1X );mp1(s) ≥ 2},
and
L2 = {s ∈ H
0(X,ω−7X );mp1(s) ≥ 2,mpi(s) ≥ 8, i = 2, 3, 4}.
5.2. Irreducibility of the curves. We prove that if E satisfies the hypothesis of
Theorem 1.4 the curves constructed in the previous subsection are irreducible. First,
we show that a series of Cremona transformations, i.e., the blow up of three distinct
and non-collinear points followed by the contraction of the three lines through them,
reduces each pencil of curves produced above to a pencil of lines in P2 passing
through a point. Cremona transformations are not in general automorphisms of
the surface, but they are automorphisms of the Picard group. In particular a
class is represented by a connected curve if and only if the transformed one under a
Cremona transformation is represented by an connected curve. We then use the fact
that E has no reducible fibres to show that the curves constructed are irreducible
(See [Tes09] for more on irreducibility of spaces of curves on del Pezzo surfaces).
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Lemma 5.3. Let E be a rational elliptic surface with no reducible fibres, X a k-
minimal model of E as in Theorem 1.4 and let L be one of the pencils of curves
constructed in the previous subsection. Then the generic member of L is an irre-
ducible curve with geometric genus zero.
Proof: Let d be the degree of X . Let f : E → X be the map corresponding to
the blow up of a Gal(k¯|k)-invariant set of distinct points P1, ..., Pd ∈ X(k¯). Since
E has no reducible fibres, the exceptional curves above Pi, for i = 1, ..., d, are all
independent in the Mordell-Weil group of E . Therefore, they provide a subset of
a set of generators of the Picard group of E . We can fix a basis for the geometric
Picard group of E to be {L0, ..., L9} where L0 is the total transform of a line l in
P2, L1, ..., Ld are the exceptional curves above P1, ..., Pd and Ld+1, ..., L9 are also
exceptional curves in E ×k k¯.
Let g : E → P2 be a blow up presentation, defined over k¯, factoring through f .
We represent a curve C in E by its numerical type, i.e., by the list of coordinates
of its divisor class in the basis given by {L0, ..., L9} of the Picard group:
(d,m1, ...,m9),
where d is the degree of the image of C in P2 with respect to g : E → P2, mi =
mPi(C), the multiplicity of the curve C at the point Pi , i = 1, ..., 9.
Let C be a curve in X , then the strict transform of C through f is a curve in E
given by
f−1(C)−
∑
i=1,...,d
mpi(C)Li.
We define the numerical type of C as the numerical type of its strict transform in
E .
For example if X = P2, lines in P2 through the point p1 are represented by the
class (1, 1, 0, ..., 0). If X is a del Pezzo surface of degree five, curves in L ′1 where
L1 = {s ∈ H
0(X,ω−2X );mP5(s) ≥ 4,mPi(s) ≥ 1, i = 6, ..., 9}
are represented by (6, 2, 2, 2, 2, 4, 1, 1, 1, 1).
Since Cremona transformations are given by composing birational maps, to show
that a curve is connected, it is sufficient to verify that curves constructed in the
previous subsection can be (Cremona-)transformed into a curve whose numerical
type is one of (1, 1, 0, ..., 0),..., (1, 0, ..., 0, 1) i.e., into a line through one of the pi.
After applying successively Cremona transformations, one can check that all
curves constructed in the previous subsection are in the same class as a line through
a point and are thus connected curves.
We give below the result of Cremona transformations applied to curves in L ′1
where L1 = {s ∈ H0(X,ω
−2
X );mp5(s) ≥ 4,mpi(s) ≥ 1, i = 6, ..., 9} and X is a del
Pezzo surface of degree five.
Curves in this family are encoded by (6, 2, 2, 2, 2, 4, 1, 1, 1, 1) which after a Cre-
mona transformation become (4, 0, 0, 2, 2, 2, 1, 1, 1, 1), then (2, 0, 0, 0, 0, 0, 1, 1, 1, 1)
which finally, after a last transformation, become (1, 0, 0, 0, 0, 0, 0, 0, 0, 1).
Now that we have verified that the curves constructed in the previous subsec-
tion are connected, we still have to show that the only connected component is
irreducible.
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Let C be a curve in one of the families constructed previously. Then C.F = 2
and C has geometric genus zero. Thus if C is a reducible curve then it satisfies one
of the following:
i) C = C1 ∪ C2 ∪ (F1 + ... + Fm) where C1 and C2 are sections and Fi are
components of reducible fibres.
ii) C = D ∪ (G1 + ... + Gm) where D is an irreducible genus zero curve such
that D.F = 2 and Gj are components of reducible fibres.
By Proposition 4.2, case i) can only occur for finitely many curves in a numerical
family. Thus, we may suppose that the generic members of the families constructed
satisfy case ii). As there are only finitely many reducible components of the fibres
the curve D in case ii) is such that dim|D| ≥ 1. Since E has no reducible fibres
both pencils L1 and L2 constructed have irreducible generic members.
5.3. Infinitely many rational points on the new base. In order to prove the
corollaries we must show that the base curve of the new elliptic surface (the base
changed one) has infinitely many k-rational points. To prove Corollary 1.2 one
needs only one base change, thus one has to prove that infinitely many among the
rational curves constructed in the previous section have a k-rational point. This is
assured since the surface X where the pencil is constructed, is k-unirational [MT86,
Theorem 3.5.1] so, in particular, has a Zariski dense set of k-rational points.
Lemma 5.4. Suppose E (k) is Zariski dense in E . Let {Dt}t∈P1 be a non-constant
pencil of genus zero curves defined over k in E . Then infinitely many of its curves
are k-rational.
For Corollary 1.5 the base curve is in general an elliptic curve. Since our con-
structions give us families of possible new bases we look at these families as elliptic
surfaces and we show that these elliptic surfaces have a non-torsion section.
Theorem 5.5. Let pi : E → B be a rational elliptic surface defined over a number
field k. Let L1 = {Ct; t ∈ P1} and L2 = {Du;u ∈ P1} be two base point free linear
systems of k-rational curves in E defined over k with Ct(k), Du(k) 6= ∅ for infinitely
many t, u, such that the morphism given by the restriction of the elliptic fibration to
it has degree two. Then for infinitely many t ∈ P1(k) and infinitely many u ∈ P1(k)
we have #(Ct ×B Du)(k) =∞.
Proof: Let C ∈ L1 be such that the base-changed elliptic surface EC = E ×B C
has generic rank strictly larger than the generic rank of E . The surface EC admits
a second elliptic fibration (since L2 is base point free it is not necessary to blow up
points to have the fibration), namely, EC → P1(u) where P1(u) is the index-set of
the pencil of curves L2. The fibres of the latter are exactly the curves Du ×B C.
We will show that infinitely many among them have positive rank by showing that
this fibration is covered by an elliptic fibration of positive rank.
The natural morphism C → P1(u) gives us the surface EC ×P1(u) C → C. Fix
(id, id, id) : C → EC ×P1(u) C as the zero section. The involution ι on C with
respect to the double cover ϕC : C → B gives us another section for the fibration
EC ×P1(u) C → C, namely, (ι, id, id). It intersects the zero section on the points
corresponding to the ramification points a and b of the morphism C → B. The
intersection (Qi, Qi, Qi) where Qi = ϕ
−1
C (ti), is a singular point on the fibre where
it is located if and only if ti is also a ramification point for ϕDti : Dti → B (see
[Gro60, Cor. 3.2.7, pp.108]). We have two possibilities:
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(i) The intersection point is not a ramification point for ϕDti : Dti → B.
Since torsion sections do not meet at a non-singular point (see for example
[MP89, Lemma1.1]) the section given by (ι, id, id) has infinite order. The fibration
EC ×P1(u) C → C has positive generic rank and thus, by Ne´ron-Silverman’s Spe-
cialization Theorem, infinitely many fibres with positive rank. Hence the fibration
EC → P1(u) has also infinitely many fibres with positive rank.
(ii) The intersection point is a ramification point for ϕDti : Dti → B.
In this case the curve C ×B Dti is rational. We must consider two cases:
(iia) The curve Dti induces an independent new section in E ×B Dti and we are
done.
(iib) The generic rank of E ×B Dti is equal to the generic rank of E .
Choose another curve C ∈ L1 in the beginning of the proof. Since by Corollary
4.3 only finitely many Du do not contribute with an extra section after base change,
if (iib) holds for almost all curves Ct ∈ L1 then the set R = ∪t∈P1{b ∈ B(k);φt :
Ct → B is ramified above b} is finite. By Lemma 5.6 below we conclude that all
morphisms φt : Ct → B ramify above the same points. In this case we start over
by fixing a curve D ∈ L2 such that the surface ED has generic rank strictly larger
than the generic rank of E . The curves Ct ×B D where Ct varies in L1 induce
an elliptic fibration on ED. Since infinitely many of them contribute with a new
independent section we will be either in case (i) or case (iia).
Lemma 5.6. Let pi : X → B be a fibration on curves from a smooth proper
surface X defined over a number field k to a smooth proper curve B. Let f :
X → P1 be a genus zero fibration on X such that the fibres of f are not fibres
of pi. Let pit be the restriction of pi to the fibre f
−1(t), for t ∈ P1(k). Let R =
∪t∈P1{b ∈ B(k);pit is ramified above b}. Then R is either infinite or equal to {b ∈
B(k);pit0 is ramified above b} for any t0 ∈ B(k).
5.4. Proof of Theorems 1.3 and 1.4.
Let E be as in the hypothesis of Theorem 1.3 or Theorem 1.4. Let L ′1 = {Ct}{t∈P1}
and L ′2 = {Du}{u∈P1} be the two pencils of rational curves constructed in the
previous subsections according to the possible minimal models of E . By Corollary
4.3 all but finitely many curves Ct ∈ L1 induce a new section in ECt independent
of the old sections. For each t ∈ P1k the pencil L
′
2,t = {Du ×B Ct} of curves in
ECt also satisfies Corollary 4.3 and thus for all but finitely many u ∈ P
1
k the curve
Du×BCt induces a new section in EDu×BCt independent of the old sections coming
from ECt . Thus, after excluding finitely many t ∈ P
1 and finitely many u ∈ P1, the
surface EDu×BCt satisfies:
rk(EDu×BCt(k(Du ×B Ct))) ≥ rk(ECt(k(Ct))) + 1 ≥ rk(E (k(B))) + 2.
Moreover, since we excluded only finitely many of each t and u, by Theorem 5.5 we
may choose the curve Du ×B Ct such that it has infinitely many k-rational points.
Remark 14. The proof of Theorem 1.4 breaks down if the k-minimal model con-
sidered, X , is a surface of degree 6 such that the blow up locus of f contains a
Galois orbit with 5 points, or if it has degree 3 or 2. Although we are still able to
construct a (family of) rational curve(s) defined over the ground field, the generic
member of such a family has two connected components, which cannot be used to
finish the proof of the theorem. Moreover, X has no families of irreducible conics
(i.e., rational curves intersecting the anti-canonical divisor of the rational elliptic
surface with multiplicity two) defined over the ground field.
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6. Corollaries from analytic number theory
To an elliptic curve E over a number field k we can associate a sign W (E|k)
intrinsically via the product of local signsWv(E|k) (for a complete definition of the
local sign see for example [Roh93]).
The parity conjecture may be stated in the following form:
Conjecture 6.1. Let E be an elliptic curve over a number field k. Let r be the
rank of its Mordell Weil group. Then
W (E|k) = (−1)r.
Remark 15. The previous conjecture is a weak version of the Birch Swinnerton-
Dyer conjecture.
Over the field of rational numbers Q we know since Wiles that E is modular and
that W (E|k) is the sign of the functional equation of the L-function L(E, s).
Let pi : E → B be an elliptic surface over k and U ⊆ B an affine open subset
over which E is an abelian scheme. Note
U±(k) = {t ∈ U(k);W (Et) = ±1}.
Modulo the parity conjecture we have as well
U+(k) = {t ∈ U(k); rank Et(k) is even } and U−(k) = {t ∈ U(k); rank Et(k) is odd }.
There are examples for which W (Et) is constant, but they all correspond to
isotrivial surfaces (see for example [CS82]). In the non-isotrivial case and for B ≃
P1, H. Helfgott [Hel03] has shown, under classical conjectures, that the sets U±(k)
are infinite. This is established unconditionally in some interesting cases by Helfgott
[Hel03], [Hel04] and Manduchi [Man95]. Much less has been done in the case B is
a genus one curve such that B(k) is infinite. But, from previous work cited above,
it seems reasonable to conjecture the following:
Conjecture 6.2. Let E → B be a non-isotrivial elliptic surface defined over a
number field k such that g(B) = 1 and B(k) is infinite. Then U+(k) and U−(k)
are infinite.
This allows us to state the following better but conditional result.
Theorem 6.3 (modulo Conjectures 6.2 and 6.1). Let E → B be a rational elliptic
surface satisfying the hypothesis of Theorem 1.3. Then
#{t ∈ B(k); rt ≥ r + 3} =∞,
where r is the generic rank and rt the rank of the fibre pi
−1(t).
Appendix
In this appendix we deal with rational elliptic surfaces that have one non-reduced
fibre.
If the blown up points are in non-general position, then the constructions given
in Subsection 5.1 may yield reducible curves. Nevertheless, we are still able to deal
with some of these cases since some of the special Galois invariant configurations of
the base points of a pencil of cubic curves in the plane yield elliptic surfaces with
fibre types that are easier to treat, namely, non-reduced fibres.
If the surface has a unique non-reduced fibre, then, depending on the structure of
a pencil inducing E , we will be able to prove the rank jumps for infinitely many fibres
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by first base-changing by a curve in L ′1 where L1 is the pencil of lines through p1
constructed in i) of Subsection 5.1. The proposition below tells us that the resulting
base-changed elliptic surface is still rational and satisfies the hypothesis of Theorem
1.1, i.e., it is a k-unirational elliptic surface.
Proposition 6.4. Let E → B be a rational elliptic surface defined over a number
field k such that there is a k-birational morphism E → P2 contracting the zero
section to a point p1 ∈ P2(k). Suppose E has a unique fibre of type ∗, induced by a
cubic curve of the form 3m or m∪ 2l where m is a line through p1 and l is another
line.
Then for all but finitely many L1 ∈ L1 the morphism L′1 → B is ramified over
the place corresponding to the fibre of type ∗. Moreover, the surface E ×B L′1 is
k-unirational for all but finitely many L′1 ∈ L
′
1.
Proof: Let F be the non-reduced fibre of E given in the hypothesis.
Suppose first that F is induced by the triple line 3m where m is a line through
p1. Note that p1 is a base point with multiplicity at least 3 and thus f factors
through the blow up of p1 and two infinitely near points to it. The first blow up
of p1 transforms 3m into 3m
′ + 2E1 where E1 is the exceptional curve above p1
and m′ is the strict transform of m. The strict transform of L1 intersects 2E1, but
does not intersect the curve 3m′. The second blow up is that of p′1, the intersection
point of 3m′ and 2E1. Since the strict transform of L1 by the first blow up does
not pass through p′1, this curve or its intersection with other divisors is unaffected
by the remaining blow ups. Thus the strict transform of L1 by f , i.e., L
′
1 intersects
the multiplicity two component of F in a single point. This assures that the map
ϕL1 : L
′
1 → B is ramified above the place corresponding to F .
Now suppose that F is induced by m ∪ 2l where l is another line. We may
suppose that L1 does not pass through other base points and hence L1 intersects 2l
at a point that is not in the blow up locus of f . This implies that L′1 intersects F
at the double component corresponding to the strict transform of 2l and thus ϕL1
ramifies above the place corresponding to F .
By Lemma 2.1, E ×B L′1 is rational. The existence of a non-reduced fibre in
E assures that rank(Pic(E )|k) ≥ 4, since the components of the fibre that do not
intersect the zero section contribute with at least two divisors to the Picard group
over k. By Corollary 4.3, the rank, over k, of the surface E ×B L′1 is strictly larger
than that of E , for all but finitely many L1 ∈ L1, and thus rank(Pic(E ×BL′1)|k) ≥
5. By Lemma 3.5, E ×B L′1 is k-unirational. 
We apply Theorem 1.1 to the surfaces satisfying the hypothesis of the previous
proposition. This gives us the following theorem.
Theorem 6.5. Let E → B be a rational elliptic surface as in Proposition 6.4. Then
there is a finite covering C → B such that C ≃k P1 and the surface EC = E ×B C
satisfies:
rank(EC(k(C))) ≥ rank(E (k(B))) + 2.
As before, we get the following corollary.
Corollary 6.6. Let pi : E → B be an elliptic surface as in Proposition 6.4. For
t ∈ B(k), let rt be the rank of the fibre above the point t and r the generic rank.
Then
#{t ∈ B(k); rt ≥ r + 2} =∞.
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